For every nonsingleton finite set A, we construct three families of partial clones on A that contain all permutations of A and are of continuum cardinality.
INTRODUCTION
Let A be a finite set. A clone on A is a composition closed set of operations on A containing all the projections. If in this definiton we replace operations by partial operations, then we obtain a partial clone (this and other concepts will be defined precisely in Section 2). The full description of all clones containing all the permutations on A among their unary operations is given in [5] . In particular, it is shown that there are only finitely many such clones. In this paper, we show that this does not hold for partial clones. Actually, the set of such partial clones is of continuum cardinality even for \A\ = 2, in contrast to the well known fact that there are only countably many clones for \A\ -2 [7] . In fact we do more. First we determine all maximal partial clones containing all permutations, and for three of them, we find a family of 2 ° subdones containing all the permutations. In two cases, such a family is contained in exactly one maximal partial clone. These results show the substantial difference between the lattice of clones and the lattice of partial clones on a finite set.
PRELIMINARIES
Let k ^ 2 be an integer and k := {0,1,... , k -1}. For a positive integer n, an n-ary partial operation on k is a map / : T>j -> k where £>/ is a subset of k n . Let V^ denote the set of all n-ary partial operations on k and let V := [J V^. To describe the composition on V, we use Mal'tsev's formalism (see [6] ). First we define on the set V a binary operation *, called superposition, as follows. Let / 6 "pM, g £ "P (m) and r :-m + n-1. Then h := f * g 6 "P^ is defined by setting V h := [2] We also define three unary operations £ , T and A o n ? as follows. Let n > 1 and / G V( n)
. We define £ ( / ) G V™, r(f) G V (n) and A ( / ) G "P (n) by setting for all (asi,-,x n ) G £><:(/), ^ ( x i»---> x ") e ^V(/) a n d all ( z i , . . . , z n -i ) G
For Ti = 1 we put £ ( / ) = T ( / ) = A ( / ) = / . For every positive integer n , and every 1 ^ i ^ n , let e™ denote the n-ary i-th projection defined by e™(a;i,... ,x n ) := z^ for all ( s c l l . . . , a s B ) e k B .
The universal algebra
V:=(V,*,C,T,A,el)
is called the partial post-iterative algebra on k. A subuniverse (that is, the carrier of a subalgebra) of V is called a partial clone on k, (for an equivalent definition see [1] ). If a partial clone C is contained in the set Ok of all everywhere defined operations, (that is, f eV n with V f = k n ) , then C is called a clone on k.
Let h ^ 1 and p be an /i-ary relation on k, (that is, p C k fc ), and let / be an n-ary partial operation on k. Let M(p,T>f) consist of all h x n matrices A whose columns A*j G p, (j = 1,...n) and whose rows Ai* G "Dj (i -1,... ,h). We say that / preserves p if for every A G M(p,V f ), the /i-tuple / ( 4 ) := ( / ( J I I * ) , . . . ,f{A h *)) G p. Set Pol(p) := {/ G "P | / preserves p}.
EXAMPLE. Consider the unary relation (that is, subset of k) {0}. Then
Note that if A4(p,T>/) = 0 (that is, if there is no matrix A whose columns are all in p, and whose rows are all in X>/), then trivially / G Pol(p). Now it is well known that for every relation p, the set Pol(p) is a partial clone on k (for example, see [4, 8] ) called the partial clone determined by the relation p.
A f-ary relation A is repetition-free if for a l l 0^i < j^< -1, there exists (ao, ,flt-i) G A with a^ ^ a,-. exist maps ^,-: h -> t (i = 0 , . . . , n -1) such that t = \J Im tj>i and »=o
Let £ft denote the set of all equivalence relations on h = {0,..., h -1} and let ">/ > == {(x,x) \x eh}.
DEFINITION: Let h ^ 2 and e £ Eh-Put
A e = {(x o ,...,a;fc_i) 6 k * : (i,j) G e => a;i = XJ} (that is, A e consists of all fc-tuples over k constant on every block (that is, equivalence class) of e). An fe-ary relation p is diagonal if there exists e G Eh. such that p = A c . We often denote A,, by Ajf ll ... l^-n , where X\,... ,X n are the nonsingleton blocks of e.
EXAMPLES.
(1) Let e = h. Then A e = A fc = {(z,... ,a) \x Gk}.
(2) Let h -4 and let e be the equivalence relation on 4 with the two blocks {0,3} and {1,2}. Then
The following result, established in [3] , characterises the diagonal relations on k. The partial clones on k, ordered by inclusion, form an algebraic lattice Cp [8] in which every meet is the set-theoretical intersection. For F C V, the partial clone (F) generated by F, is the intersection of all partial clones containing the set F (or, equivalently, is the set of term operations of the partial algebra (V; Fj). 
MAXIMAL PARTIAL CLONES CONTAINING ALL PERMUTATIONS
A partial clone C is maximal if it is a coatom of Cp, that is, if for every partial clone C, the inclusion C C C" implies that C -V. The goal of this section is to find all maximal partial clones containing the permutations. For this, we need to recall the classification of all maximal partial clones on k given in [4] . We start with some terminology:
DEFINITIONS: The /i-ary relation p is said to be where cr is an areflexive /i-ary relation and F C Eh-Put C : -{TT G 5 h : a n ^ ^ 0}.
The model of p is the /i-ary relation [5] Partial clones 267
on the set h = { 0 , . . . , h -1}. Assume that h, F and a satisfy one of the following five cases:
(i) h ^ 2, F = 0 and a ^ 0, that is, p is a non-empty /i-ary areflexive relation; (ii) h ^ 2, F = {e} where e 7^ w fc , <r ^ 0 and <r U A e ^ k 2 , that is, p is a non-trivial quasi-diagonal ft-ary relation; (iii) fc = 4 and F = {{{0,1}, {2,3}}, {{0,3}, {1,2}}, {{0,2}, {1,3}}}, that is, p = aURi, where a is an areflexive 4-ary relation (eventually empty); (iv) fe = 4 a n d P = {{{0,l},{2,3}}, {{0,3}, {1,2}}}, that is,
where a is an areflexive 4-ary relation (eventually empty);
reflexive and totally symmetric non-trivial relation.
We say that p is coherent if
<r and ir(F) -F} for the first four cases above
and G a = {n E S h : ffM = a} = S h for the fifth case, and (2) for every non-empty subrelation a' of cr, there exists a relational homo-
Let p n denote the partial n-ary operation with empty domain. We have:
Every proper partial clone on k extends to a maximal one. If C is a maximal partial clone on k, then either C = O U {p n : 0 < n < u>} or C = Pol (p) where p is one of the following:
(1) an h-ary areflexive or quasi-diagonal relation which is coherent; h ^ 2, (2) an Ji-ary non-triviai totally reflexive and totally symmetric relation; h^Z, (3) one of the quaternary relations Ri or R2 , (4) a quaternary coherent relation cr U Ri where i = 1, 2 and a ^ 0 is a quaternary areflexive relation.
Consider the maximal partial clone £> :-OU{p n : 0 < n < w}. Clearly the partial subclones of D are of the form C or C U {p n | 0 < n < w}, where C is a clone (of total operations) containing Sk • The finitely many clones containing Sk are described in [5] . We are left with the maximal partial clones of the form Pol(p). Earlier we set
Let p be an /i-ary relation such that Sk Q Pol(p). Note that PROOF: Consider a maximal partial clone C distinct from O U {p n | 0 < n < u>} such that Sk Q C. By Theorem 3, we have C = Pol(p) where p is one of the relations described in the theorem. We have O U { p n | 0 < n < W } , Pol(r 3 ), Pol(r 3 U A 3 ), Pol (3 3 \ r 3 ),
INDEPENDENT FAMILIES OF PARTIAL CLONES CONTAINING 5k
Denote by S the partial clone (5*) (generated by all the permutations). In this section we show that the intervals of partial clones [S, Pol(rfc)], [5, Pol(iEi) ], i = 1,2 are of continuum cardinality. For k = 2, these are all the intervals [»S,Pol(p)] where Pol(p) is a maximal partial clone (see [2] ). We start with the following definition motivated by [7] . all constant n-tuples over k and of all 2-valued n-tuples over k with frequencies 2 and n -2. We first show that {Pol(£7),Pol(£3)1 •• • } is an independent family of partial clones on k.
The set P n := {{p, q} | 1 ^ p < q ^ n}} can be ordered lexicographically: Set {p>9} •"< {p\i'} if (i) P ^ p' a^d (ii) 1 < ?' whenever p = p 1 PROOF: (of the claim). It is quite easy to verify that Ri Q a; for example, (a,a,b,b) G a as ( a , a , b , . . . ,b) G ( n and so on. Suppose now that a £ Ri and let ( a i , . . . ,04) G a\R\.
From (1) it follows that a i , . . . ,04 are not pairwise distinct and therefore exactly three of 0 1 , . . . ,04 are equal. However, if a,b are distinct elements of k, then as n ^ 7, we deduce from (1) a, b, b, a, ... , a) G Cn-Conversely, we show that R 2 C (5. Observe that, as (x,y,z,t) G 0 implies (a;, y, z, t, ... , t) G Cn, proceeding as in the proof of Claim 1, we deduce that j3 C R 1 . Suppose now that /3 % R 2 , and let (01,... ,a 4 ) € /? \ R 2 . Then a\ = 03 = a ^ 6 = a 2 = 04 and from (2) we obtain that ( a , a , a , a , b , . . . ,6) G Cn• As n ^ 7, this contradicts the definition of Cn• Thus /3 = R 2 , and the proof of our lemma is complete. 
